The initiation of freckles by thermosolutal convection during the directional solidification of Pb-Sn alloys was studied numerically at the microstructural level. The model predicts the detailed dendritic structures, microsegregation and interdendritic convection in three dimensions. The onset and sustained growth of solutal channel (freckles) was simulated as a function of casting speed. The predictions were compared with experimental measurements via the introduction of a Rayleigh number. Good agreement was achieved, suggesting that such models might be used to predict the critical Rayleigh number for more complex alloy systems with further development. It was found that the large density variation of Pb-Sn alloys induces strong upward convection of segregated liquid and promotes the formation of solutal channels. However, the competition between upward solute transport and dendritic growth determines both the initiation and sustained growth of these channels. These open solute channels become the defect structure known as a freckle upon final solidification.
Introduction
Freckles are severe channel-like segregates commonly observed in directionally solidified or single-crystal castings of Ni-base superalloys. 1, 2) The existence of freckles has a deleterious impact on mechanical properties of critical components such as turbine blades and discs in gas-turbine engines. 3) There have been a number of prior experimental studies suggesting that freckles are initiated by thermosolutal convection in the mushy zone. [4] [5] [6] [7] [8] [9] A variety of mathematical models have been proposed to predict the formation of freckles. All of these models can be classified into two groups: one based on the use of mathematical criteria [10] [11] [12] [13] [14] and the other based on solution of mass, momentum, energy, and species conservation equations. [15] [16] [17] [18] [19] [20] However, both classes of models simulate the flow at a macroscopic level, rather than studying the initial stages of channel formation at a microstructural level.
The most common mathematical criteria used is the Rayleigh number, a dimensionless value which describes convective fluid instability. Different forms of the Rayleigh number have been proposed to characterize freckle formation, as reviewed by Yang et al. 14) Beckermann et al. 11, 12) examined the possible definitions and found a definition proposed by Worster 21) to be physically most meaningful, which accounts for the resistant drag force from structure (permeability) and the driven force from density variation. It has the form: where h is the characteristic length scale, g is the acceleration due to gravity, K is the mean permeability of the mushy zone, a is thermal diffusivity, n is kinematic viscosity, and Dr/r 0 is the relative density inversion due to thermal and/or compositional variation. The calculated Rayleigh numbers were compared to previous experimental data and the results have shown a good evaluation of freckle formation for Pb-Sn alloys. The Rayleigh number provides an efficient means of evaluating stability for freckle formation by considering the average solidification environment. However, the form of the Rayleigh number varies with different alloys systems and the determination of the critical value depends on a wide range of experimental studies and hence is always empirically determined.
A number of authors have presented macroscopic numerical models which can directly predict the formation of segregated solutal channels due to thermosolutal buoyancy force. Felicelli et al. 22 ) developed a mathematical model of macrosegregation in 2D to study the segregated channel formation of Pb-10wt%Sn alloy. The prediction of channels in directional solidification is the first of its kind and shows the correct qualitative behaviour observed in experiments. 6, 23) Such models have now been extended to study multicomponent alloy systems and also in 3D. 16, 17, 22, 24) However, the initiation of the solutal instabilities in such models depends on either inherent noise in the numerical
method or applied noise. Since segregation starts at microscale, the rejection of solute from the growing dendrites is the key driving force, while their morphologies limit interdendritic thermosolutal convection. Therefore, a microscale solidification model that provides this information can be expected to give a better understanding of the instabilities of the interdendritic convection and also the associated channel formation. In this paper, a microscale numerical model, which simulates the morphologies of dendrites, microsegregation and interdendritic convection due to variations of thermal and solutal distributions, was developed to study the onset of freckling of Pb-Sn alloy in the interdendritic region during directional solidification in 3D. The model theory is summarized first, followed by the calculation of the Rayleigh number which was used to evaluate the solidification conditions. Four cases with different casting speeds were simulated to investigate the solute channel formation and also the influence of casting speed on the tendency for freckling.
Model Theory
An existing open source numerical model of dendritic solidification without fluid flow [25] [26] [27] [28] [29] was first extended to simulate forced convection [30] [31] [32] and in this study to incorporate thermal and solutal buoyancy flows. The details of the model implementation are given in these prior publications and in the freely available code and documentation (www.imperial.ac.uk/advancedalloys). Therefore, only the key equations are described below. It is assumed that the liquid is incompressible and the growth of the solid/liquid interface is determined by solute diffusion and solute partition subjected to the equilibrium conditions. The governing equations for mass, momentum, energy and solute are given by: (5) where u ជ is the velocity vector in liquid, P is the pressure, m is the viscosity, c p is specific heat, l is thermal conductivity, f l is the liquid fraction, L is the latent heat, C s and C l are the average solute concentrations of the solid and liquid. S is the source term, accounting for buoyancy forces. (5) can be applicable to represent the solute diffusion in the entire domain, including the solid, liquid and interfacial regions. 32) Once the solute concentration is updated by solving Eqs. (2) to (5), the change of fraction solid can be derived from Eq. (7), giving as:
..... (9) This equation is used to correlate the growth rate in a growing cell. When Df s is less than 0, it means the cell is remelting. The anisotropy in interfacial energy of the solid-liquid interface is imposed using a modified decentered square/octahedron algorithm. 29, 33) This algorithm propagates the interface in terms of the change of solid fraction (calculated by Eq. (9)) and ensures the dendrites grow with preferred ͗100͘ direction.
The convection and diffusion equations are solved on the same regular spatial grid. A projection algorithm 34) based on the staggered mesh is applied to solve the Navier-Stokes equations by using the finite volume method. A preconditioned conjugate gradient method (PCG) is used to solve the pressure Poisson equation. The flow velocity in the mushy zone is dampened proportionally to the fraction solid. A linearized Pb-Sn phase diagram was used in this study with constant partition coefficient and liquidus slope. Thermophysical properties of Pb-10wt%Sn alloy are listed in Table 1 .
Rayleigh Number
Although the model directly predicts solute channel onset, calculating the Rayleigh number is useful for comparison of the predictions to prior experimental studies. The version recommended by Ramirez et al. 12) was used here (Eq. (1)). The methods used for the calculation of length (10) where C 0 is the initial concentration in weight percent, G is the temperature gradient in K/cm and R is the casting speed in mm/s. Since the density inversion and permeability vary throughout the mush, a local Rayleigh number was calculated as shown in Fig. 1 for a Pb-10wt%Sn alloy for two cases: 1. Gϭ3.63ϫ10 Ϫ2 K/m, Rϭ3.33ϫ10 -5 m/s and 2.
Gϭ3.63ϫ10
-2 K/m, Rϭ4.17ϫ10 Ϫ5 m/s. A maximum value across the mushy zone can be identified in both curves and occurs at an average solid fraction between 0.15 and 0.2; hence this is the most likely point where solutal driven flow will overcome the viscous dampening forces. Therefore, this single value was used as the representative Rayleigh number to evaluate each solidification condition.
Results and Discussion

Simulation Conditions
A domain 7.5 mm high, ϳ5 primary dendrites wide and one deep was used to investigate the solute channel formation at a microstructural level (Fig. 2) . To initiate the microstructure, 3-5 seeds were fixed in a straight row on the base of the domain spaced at the steady state primary dendritic arm spacing given by Eq. (10) . A relatively large cell size of 15 mm was used to reduce the total number of cells in the domain to ϳ1 million yet remain fine enough to resolve the segregation from the secondary dendritic arms.
A constant temperature gradient (G) was applied to the domain with a constant casting speed (R). Periodic boundary conditions were used for velocities and solute concentrations on all four side surfaces, while at the top and bottom surfaces a zero-flux boundary condition was applied. Four cases were simulated to investigate solute channel initiation as a function of casting velocity ranging from 3.3ϫ 10 Ϫ6 to 3.3ϫ10 Ϫ4 m/s. The solidification conditions are given in Table 2 . The maximum Rayleigh number for each case was also calculated, spanning 3 orders of magnitude.
For all cases, the calculation of thermosolutal convection is turned on after the dendrites have grown approximately 2 mm in length. This was done to avoid the artificial seeding from influencing flow.
Solute Channel Formation
The simulated morphologies of dendrites with different casting speeds, together with Sn concentration profiles and velocity vectors on x-z plane, are shown in Fig. 3 . Vertical channels can be found in all cases. During solidification, the lighter Sn was rejected into the interdendritic region and advected into the bulk. This upward convection transports the lighter interdendritic liquid into the fully molten region in the form of plumes, which produce a swirling flow ahead of the dendrites which can be observed in all cases (Fig. 3) . Because the solute diffusivity of the liquid is much lower than the thermal diffusivity (the Lewis number is approximately 3 600), the lighter liquid retains its composition as it flows upward through the mush into regions of higher temperature. This redistributes the solute in the solidifying region and may lead to macrosegregation. Since the segregated solute has higher Sn concentration, it can decrease the local undercooling and, thereby, retard the growth of dendrites. As a consequence, the secondary arms in the channel can remelt, potentially sustaining the formation of the vertical channels. In cases 1-3, the channels were not self-sustaining, with their formation being terminated by fast growing secondary arms. Tertiary arms then grow out of these secondaries, trying to re-establishing a primary spacing closer to the initial value. From the morphology of the dendrites, it can be seen that there is a strong potential for channels, but there is an equally strong potential for an- 
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© 2010 ISIJ other dendrite to grow into it, i.e. self-sustaining solute channels (the initiation of freckles) are not formed. From Fig. 3(a) , the high solute concentration in the channel significantly prohibited the growth of dendrite arms in the region and also fed the upward convection in the plume. However, much stronger convection occurred above the dendrites, and caused mixing of the solute which was transported from interdendritic region. This convection prohibited the development of the dendrite in the middle of the domain and also promoted the growth the lateral dendrite arms. The growth of the secondary arms from one lateral dendrite stopped the development of the plume. It can be shown that the solute velocity in the channel was less than 3ϫ10 Ϫ4 m/s which is smaller than the casting speed for this case (3.3ϫ10 Ϫ4 m/s). One possible reason for the formation of a freckle channel is that the intrinsic velocity of the interdendritic liquid is faster than the dendritic growth velocity. For case 1, even without the help of bulk convection, the solute channel does not survive, consistent with prior experiments for similar Rayleigh numbers/conditions. 6) Similar phenomena occurred in cases 2 and 3 (Figs. 3(b)  and 3(c) ). Very early on during the solidification, a high Sn concentration is reached in the interdendritic channels. However, there the upward flow exhibited in these channels is very weak (ϳ10 Ϫ5 m/s) and a sustained recirculation within the dendrites is not formed.
In case 4 ( Fig. 3(d) ), a self sustaining channel forms with a strong upward flow and recirculating downwards flows all within the dendritic structure, as well as within the bulk. The initiation location of the channels is effectively random and here it occurred at the periodic boundary, the results are re-plotted in Fig. 4 with a half domain shift applied in the x direction. Streamlines were also added to the plot to show the recirculation occurring within the mush. A vertical channel, of about one dendrites width, remains open to the bulk (shown by the upward streamlines). This is feed by downward flows in a number of neighbouring interdendritic spaces. The gradually built solute layer in the channel ensures the continuous upward flow and higher level of solute concentration was maintained at the mouth of the channel, keeping the channel open. Therefore, a self-sustained channel was formed in this case, which is able to develop into a freckle after solidifying. In addition, the measurements of the upward velocity in the channel were in the order of 10 Ϫ5 m/s, almost three times greater than the casting speed of 3.3ϫ10 Ϫ6 m/s, which also assists the formation of solute channels. 20) The assessment of prior Pb-Sn experiments has suggested a critical value of the Rayleigh number is in the range of 38.8 to 40.3 (38 to 46 by Ramirez et al. 12) ). In the current study, as discussed above, no open channels are formed in cases 1-3 which all have a Rayleigh number below 38, although case 3 is close with a maximum Ra of 36. However, in case 4 where a self-sustaining channel forms, the maximum Rayleigh number is ϳ1000, much larger than the experimental critical value of ϳ40. This suggests that the present model might be used to predict the critical Rayleigh number for freckle formation for a range of solidification conditions and also potentially for different alloy systems.
Effects of Casting Speed
The Rayleigh number has been validated as a good indicator for freckle formation. Thereby, it is plotted versus cast speed in Fig. 5 . The initial Sn concentration and temperature gradient remain constant (10 wt% and 3.63ϫ10 2 K/m, respectively). As expected, the faster the casting speed, the lower the Rayleigh number. This implies that freckles tend to form at low casting speed. In terms of the critical Rayleigh number, the highest casting speed for freckling is ϳ3.5ϫ10 Ϫ5 m/s under the specified solidification conditions.
In terms of simulations, the lower growth speed can decrease the rate of solute rejection, which results in a decrease in the concentration gradient in the interdendritic region. It can be seen that the convection in case 4 was weaker in the melt bulk when compared with case 1. However, the slow casting speed results slow growth of the dendrites. The competition between the upward solute transport and dendritic growth determine the existence of the solute channels. In addition, the low growth speed of dendrites allows the segregated liquid more time to develop the flow and to redistribute the solute. In both cases 2 and 3, the interdendritic flow velocity is the same order as the casting speed. They can be regarded as borderline situations for freckle formation (note their Ra numbers are 26 and 36, getting close to the critical value). This suggests that reducing the casting speed further (i.e. case 4) could result in freckling.
Conclusions
The solute channel formation of Pb-Sn alloys in directional solidification conditions was studied by a microscale solidification model with detailed examination of dendritic morphologies, microsegregation and interdendritic convection. The simulated results have shown good agreement with experimental measurements in terms of the maximum Rayleigh number. It has been found that:
(1) Although the large density variation in Pb-Sn alloys encourages thermosolutal convection, the competition between upward solute transport and dendritic growth determines the initiation and sustained growth of solute channels, and hence freckle formation.
(2) The convective flow of solute enriched interdendritic liquid can cause remelting of dendrites resulting in the formation of an open solute channel, forming a freckle defect upon solidification.
(3) A high casting speed prohibits the formation of freckles. It causes strong thermosolutal convection at the solidification front but also fast growth of the dendrites. The low permeability in the interdendritic region (due to fast dendritic growth) prevents the solute from sustaining a continuous upward plume that results in a freckle during solidification. For a given gradient, as the casting speed decreases the dendritic spacing increases, increasing the permeability (and Rayleigh number) making self-sustaining thermal-solutal plumes within the mushy zone more favourable. The model therefore predicts the experimentally observed correlation between Rayleigh number and freckle formation.
